ABSTRACT. The subject of this article is a unique complex K3 surface with maximal Picard rank and with discriminant equal to four. We describe configuration of smooth, rational curves on this surface and identify generators of its automorphisms group with distinguished elements of the Cremona group of P 2 . This work may be considered as an extension of Vinberg's research [Vin83] on the subject.
INTRODUCTION
In [SI77] Shioda and Inose proved a classification theorem for complex K3 surfaces with maximal Picard rank in terms of their transcendental lattices. In the course of the proof they discussed two K3 surfaces with maximal Picard rank which are the simplest in the sense that their transcendental lattices have the smallest possible discriminants equal to 3 and 4. Then Vinberg in his article [Vin83] called these surfaces the most algebraic K3 surfaces. He gave a complete description of automorphism groups of these two surfaces as well as several examples of their birational models. In the article [OZ96] the authors classified these surfaces in terms of ramification locus of some special automorphisms of these surfaces and related them to extremal log Del Pezzo surfaces. Recently in [DBvGK This article is devoted to study of a unique K3 surface X 4 with Picard rank 20 and discriminant equal to four. We construct X 4 as a double covering π ∶ X 4 → Y 4 of a smooth, rational surface Y 4 . Surface Y 4 is defined as a blow up m ∶ Y 4 → S 5 of the Del Pezzo surface S 5 of degree 5 in all intersection points of configuration of (−1)-curves on S 5 . We classify smooth, rational curves on X 4 and describe geometrically generators of the group Aut(X 4 ). The main technique of the paper is based on the interplay between configuration of smooth, rational curves and behaviour of elliptic fibrations on X 4 . Let us review main theorems of this work. The following result describes configuration of smooth, rational curves on X 4 . Theorem A (Theorem 5.4). Smooth, rational curves on X 4 fit into the following disjoint classes.
• The class r = {L ij 0 ≤ i < j ≤ 4} of ten disjoint ramification curves of π.
• The class l (ij) for 0 ≤ i < j ≤ 4 consists of smooth, rational curves that intersect precisely one curve from r namely L ij and the scheme-theoretic intersection consists of two reduced points.
• The class l (ij)(kl) for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4} and {i, j} ∩ {k, l} = ∅ consists of smooth, rational curves that intersect precisely two curves in r namely, L ij and L kl . Moreover, the scheme-theoretic intersection consists of two reduced points.
All these classes are nonempty. Two distinct curves in
The author was supported by Polish National Science Center project 2013/08/A/ST1/00804. 1 do not intersect a curve from r at the same point. The incidence of curves in these classes is described by the following extended Petersen graph with loops.
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l (12) (03) Next theorem relates automorphisms of X 4 and Y 4 . Here σ is a unique nontrivial automorphism of the covering π ∶ X 4 → Y 4 .
Theorem B (Theorem 6.2).
There exists a short exact sequence of groups
and ⟨σ⟩ is a central subgroup of Aut(X 4 ).
Let G be the automorphism group of the Petersen graph. Then G is isomorphic to the permutation group Σ 5 on five letters. The next theorem relates automorphisms of Y 4 , S 5 and the group G.
Theorem C (Proposition 6.3). The homomorphism of groups Aut(Y 4 ) → G given by restricting the automorphism of Y 4 to the set of (−4)-curves on Y 4 is an epimorphism. Moreover, it admits a section given by homomorphism G ≅ Aut(S 5 ) → Aut(Y 4 ) that lifts an automorphism of S 5 along birational contraction m ∶ Y 4 → S 5 .
Let Q be the quadratic transformation of P 2 given by formula Q([x 0 , x 1 , x 2 ]) = [x 1 x 2 , x 0 x 2 , x 0 x 1 ] for some homogeneous coordinates [x 0 , x 1 , x 2 ] on P 2 . Clearly Q is a birational involution of P 2 . It turns out (Proposition 6.4) that Q induces a regular involution f Q of Y 4 . Its liftf Q to an automorphism of X 4 induces a hyperbolic reflection of the hyperbolic space associated with H 1,1 R (X 4 ) (Corollary 6.5). Our last result identifies the hyperbolic reflection induced byf Q with reflection described by Vinberg in his article.
Theorem D (Corollary 6.6). Reflection induced byf * Q on the hyperbolic space associated with H 1,1 R (X 4 ) is conjugate to reflections contained in S 1 according to Vinberg's notation [Vin83, Section 2.2].
Let S X 4 be the lattice of algebraic cycles of X 4 and let O + (S X 4 ) be the group of orthogonal automorphisms of S X 4 that preserve the ample cone. According to Vinberg [Vin83, Theorem 2.4] we have an isomorphism of groups
where five copies of Z 2Z in the free product are generated by reflections in S 1 . Thus theorems C and D identify factors of this semidirect product in terms of autmorphisms of Del Pezzo surface S 5 and quadratic transformations of the plane P 2 .
PRELIMINARIES IN THE THEORY OF K3 SURFACES AND HYPERBOLIC GEOMETRY
In this paper a K3 surface is a smooth, projective surface X over C such that
Exhaustive presentation of the theory of K3 surfaces is [Huy16] . Fix a K3 surface X. It follows that H 2 (X, Z) is a free Z-module of rank 22 and cup product yields to intersection pairing on H 2 (X, Z). The transcendental lattice T X is the sublattice of H 2 (X, Z) orthogonal to the NeronSeveri lattice S X = NS(X) with respect to the cup product. The rank of S X is called the Picard number of X and is denoted by ρ(X). Let O + (S X ) be the group of isometries of S X that preserve the ample cone. Suppose that ω X is a nontrivial holomorphic two-form on X. We define
are canonically identified. We call D X = H 2 (X, Z) (S X + T X ) the discriminant group of X and we call its order D X the discriminant of X. Note that every automorphism of X yields in an obvious way an element of O + (S X ) as well as an element of U X . Moreover, every orthogonal transformation of S X or T X yields an automorphism of S ∨ X S X or T ∨ X T X respectively i.e. an automorphism of D X . Proposition 1.1 ([Vin83, Section 1.5, Formula (7)]). We have a cartesian square of abstract groups
Our results significantly use the theory of elliptic fibrations on K3 surfaces. Recall that a proper and flat morphism with connected fibers p ∶ X → C defined on a surface X is an elliptic fibration if and only if its general fiber is an elliptic curve. We extensively use Kodaira classification of singular fibers of elliptic fibrations cf. [BHPVdV04, Chapter V, Section 7]. Next results describe elliptic fibrations on K3 surfaces.
Theorem 1.2 ([PŠŠ71, Section 3, Theorem 1])
. Let X be a projective K3 surface and L be line bundle which is nef and L 2 = 0. Then L is base point free and the corresponding morphism φ L ∶ X → P H 0 (X, L) factors as an elliptic fibration p ∶ X → P 1 followed by a finite morphism (1) Let r(p) be the torsion-free rank of the group of sections of p. Then the following formula holds.
(2) Moreover, if r(p) = 0 and n(p) denotes the order of the group of sections of p, then the following formula holds.
Proposition 1.5 ([Keu00, Theorem 2.3]). Every elliptic fibration on a K3 surface X with ρ(X) = 20 and with discriminant equal to four or three admits a section.
In the last part of section 5 we use certain results concerning explicit models of hyperbolic geometry. For the reference cf. [Dol08, Section 2.2] or [Vin83, Section 1.3]. Pick n ∈ N and let E be a real vector space of dimension n + 1 equipped with bilinear pairing (−, −) of signature (1, n). Then the set {x ∈ E (x, x) > 0} has two connected components and let C + be one of them. Then we define H n = C + R >0 i.e. we consider vectors in C + up to positive multiplicative constant. We call H n an n-dimensional hyperbolic space. Corollary 1.7. Let X be a K3 surface. Pick E = H 1,1 (X) and choose C + to be the connected component of {c ∈ H 1,1 (X) (c, c) > 0} that contains the ample class of X. Then C + R >0 yields a model of a hyperbolic space.
The reflection in a space of constant curvature is a nontrivial order two isometry preserving every point inside some totally geodesic hypersurface [Dol08, Section 2.2]. Proposition 1.8 ([Vin83, Section 1.3]). For every vector e ∈ E such that (e, e) < 0 linear map
e ∈ E induces a reflection of H n . Moreover, every reflection of H n is induced in such a way from a linear map on E.
Finally let us describe some notion that we use in the article and which might be a source of a confusion. Let f ∶ X → Y be a dominant morphism of integral schemes and D be a Cartier divisor on Y. Recall [Har77, Chapter II, Section 6, Subsection Cartier Divisors] that D is given as a family of pairs {(V i , f i )} i∈I , where Y = ⋃ i∈I V i is an open cover and
It is called the pullback of D.
CYCLIC COVERINGS AND n-TH ROOT OF A SECTION
In this section we present material leading to important result concerning lifting of automorphisms. The first result of this section is a part of the folklore and can be extracted from presentation of cyclic coverings in [Laz04, Section 4.1B].
Proposition 2.1. Let Y be a scheme, E be a locally free sheaf on Y and s ∈ Γ(Y, Sym n (E)) be a global section for some n ∈ N. Then there exists a scheme q ∶ W n (E, s) → Y over Y and a section t E ∈ Γ (W n (E, s), q * E) such that
(2) For every morphism f ∶ X → Y and a section t ∈ Γ(X, f * E) such that t n = f * s there exists a unique morphism g ∶ X → W n (E, s) in the category of schemes over Y such that t = g * t E .
If L is a line bundle and D is a divisor of zeros of some section 
It follows from the universal property described in Proposition 2.1 that we have a base change diagram
is an isomorphism, we derive that section φ ⊗n (s) of f * (ω ∨ Y ) ⊗n also has D as the divisor of zeros. According to the fact that f * D = D we derive that f * s has D as the divisor of zeros. Hence there exists α ∈ C * such that f * s = αφ ⊗n (s) = φ ⊗n (αs). Therefore, again by universal property of
Finally, since αs and s have the same divisor of zeros, there exists an isomorphism
In this section we construct X 4 explicitly as a double covering of some rational surface. Consider four points P = {p 1 , p 2 , p 3 , p 4 } of P 2 such that no three of them are on the same line. Blow them up to get a Del Pezzo surface S 5 = Bl P (P 2 ) = Bl p 1 ,p 2 ,p 3 ,p 4 (P 2 ) of degree 5. For 1 ≤ i < j ≤ 4 denote by E ij the strict transform on Bl P (P 2 ) of a line on P 2 passing through points (1) Curves E ij for 0 ≤ i < j ≤ 4 are all irreducible (−1)-curves on S 5 .
(2) The divisor E = ∑ 0≤i<j≤4 E ij is linearly equivalent to −2K S 5 . Three thick edges in the Figure 1 describe three linearly equivalent divisors whose complete linear system defines a fibration S 5 → P 1 with general fiber being smooth and rational curve. It is usually called a conic fibration due to the fact that its fibers are of degree two with respect to −K S 5 .
Let m ∶ Y 4 → S 5 be the blowing up of intersection points of curves {E ij } 0≤i<j≤4 . Let F ij be a strict transform of E ij in Y 4 for every 0 ≤ i < j ≤ 4. For any {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4} such that {i, j} ∩ {k, l} = ∅ we denote by F (ij)(kl) a curve on Y 4 which is a preimage of the intersection point
Next result is a consequence of the Proposition 3.1.
Proposition 3.2. The following statements hold.
(1) F ij are pairwise disjoint smooth rational (−4)-curves on Y 4 for 0 ≤ i < j ≤ 4.
(2) The divisor ∑ 0≤i<j≤4 F ij is linearly equivalent to −2K Y . Definition 3.3. We define X 4 to be the anticanonical degree two covering of Y 4 branched along B π = ∑ 0≤i<j≤4 F ij . We denote by π ∶ X 4 → Y 4 the anticanonical covering map and by σ ∶ X 4 → X 4 a unique automorphism of π having order two.
Since F ij are branch curves of π, we derive that π * F ij = 2L ij for some (−2)-curve L ij on X 4 for 0 ≤ i < j ≤ 4. These curves are pairwise disjoint and ∐ 0≤i<j≤4 L ij is a fixed locus of σ on X 4 . Proposition 3.4. X 4 is a K3 surface with ρ(X 4 ) = 20. The automorphism σ acts as identity on the Picard group of X 4 and every line bundle L on X 4 is linearizable with respect to the group {1 X 4 , σ}.
Proof. Note that the branch divisor of π is smooth. Hence X 4 is a smooth surface. Clearly it is projective as a finite covering of a projective surface Y 4 . First by Riemann-Hurwitz formula and Proposition 3.2 we derive that
Therefore, X 4 is a K3 surface. Note that rank Z (Cl(Y 4 )) = 20 and we have morphisms of abelian groups
is a monomorphism. Since Y 4 and X 4 are smooth, we derive that π *
is a subgroup of rank 20. Thus ρ(X 4 ) = 20. For every line bundle L on Y 4 we have
Thus σ acts as identity on π * (Pic(Y 4 )). Since this is a subgroup of maximal rank in the torsion free group Pic(X 4 ), we derive that σ * = 1 Pic(X 4 ) .
Denote by ⟨σ⟩ the subgroup of Aut(X 4 ) generated by σ. Let Pic Proof. There are three possibilities.
(1) π * F = 2L where L is a curve on X 4 and the map L → F induced by π is birational.
(2) π * F = L where L is a curve on X 4 and the map L → F induced by π is of degree two.
Observe that σ * L 1 = L 2 as σ acts transitively on fibers of π. According to the fact that σ * = 1 Pic(X 4 ) , we derive that L 1 ∼ L 2 and hence
So the only possibilities remaining are (1) and (2). In both cases L 2 < 0 and since X 4 is a K3 surface, we derive that L is a (−2)-curve on X 4 . Moreover, (1) holds if the ramification index of π at the generic point of L is 2 and this implies that F is a branch curve of π.
Corollary 3.6. Every curve L (ij)(kl) is a smooth rational curve on X 4 . The incidence graph of curves L ij for 0 ≤ i < j ≤ 4 and L (ij)(kl) for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4} and {i, j} ∩ {k, l} = ∅ is the extended Petersen graph.
Proof. The first assertion is a direct consequence of Lemma 3.5 and the fact that F 2 (ij)(kl) = −1. The second assertion follows from Proposition 3.2 and the fact that π * preserves intersection pairing up to multiplication by degree of π. 
The Petersen graph Figure 1 describes their intersection.
The strict transform F ij of E ij for 0 ≤ i < j ≤ 4 . These are smooth, rational (−4)-curves.
Blow up F (ij)(kl) of intersection point E ij ∩ E kl for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4} and {i, j} ∩ {k, l} = ∅. These are (−1)-curves.
The extended Petersen graph Figure 2 describes their intersection.
and {i, j} ∩ {k, l} = ∅. Proof. Let us come back to the Del Pezzo surface S 5 = Bl P (P 2 ). The following divisors:
are linearly equivalent. Their linear system is base point free and its members consist of degree two divisors with respect to very ample divisor −K S 5 and gives rise to the morphism f ∶ S 5 → P 1 which fibers are curves of degree two with respect to −K S 5 . This conic bundle has exactly three singular fibers given by the three divisors listed above. The morphism p = f mπ is an elliptic fibration. Recall that by Proposition 3.6 the incidence graph of curves L ij and L (ij)(kl) for 0 ≤ i < j ≤ 4, 0 ≤ k < l ≤ 4 and {i, j} ∩ {k, l} = ∅ it the extended Petersen graph. There are exactly three singular fibers of p given by pulling back along mπ singular fibers of f . They are depicted in the . Hence det(T X 4 ) = 1, 2, 4. Now the fact that T X 4 is a rank two, even, positive definite integral lattice, implies that det(T X 4 ) = 4. The exists precisely one rank two, even, positive definite integral lattice with discriminant equal to 4 and it has a basis in which intersection form has the matrix 2 0 0 2 Corollary 3.9. The K3 surface X 4 constructed in this section is isomorphic to a unique K3 surface with maximal Picard rank and with discriminant equal to four.
Proof. This follows from Proposition 3.8 and [SI77, Theorem 4].
ELLIPTIC FIBRATIONS ON X 4
Corollary 4.1. Let p ∶ X 4 → P 1 be an elliptic fibration. We consider X 4 as a variety equipped with the action of ⟨σ⟩ = {1 X 4 , σ}. Then there exists an action of Z 2Z on P 1 such that p is equivariant morphism.
Proof. Let L = p * O P 1 (1). Since p is a morphism with connected fibers we derive that H . We will call q the fibration induced by p. Clearly q is either an elliptic fibration or a fibration with general fiber being smooth, rational curve. (1) τ = 1 P 1 if and only if q is a fibration with general fiber being smooth rational curve. In this case every section of p is a ramification curve of π.
(2) τ ≠ 1 P 1 if and only if q is an elliptic fibration. In this case there are two reducible fibers of p and they are preimages of fixed points of τ.
Proof. According to Proposition 3.8 and Proposition 1.5 we deduce that every elliptic fibration on X 4 admits a section. Suppose that the action of Z 2Z on P 1 is trivial. In particular, we have
is a point and F u = p to be sufficiently general. Hence the morphism F u → C u induced by π is a ramified morphism of smooth curves. Thus we have g(C u ) < g(F u ) = 1. Hence C u is a smooth, rational curve. This implies that q is a fibration with general fiber being smooth, rational curve. Suppose now that the action of Z 2Z on P 1 is nontrivial. Then it is given by some nontrivial involution τ of P
1
. Pick u ∈ P 1 such that F u = p −1 (u) is smooth and τ(u) ≠ u. We deduce that
where C r(u) = q −1 (r(u)) is some curve on Y 4 . It is clear that if one chooses u to be sufficiently general, then one may assume that C r(u) is smooth. Let e u , e τ(u) and f u , f τ(u) be ramification indexes and inertia indexes of π at generic points of F u and F τ(u) . Then we have formula [Liu02, 7.4.2, Formula 4.8]
f u e u + f τ(u) e τ(u) = 2 Hence e u = e τ(u) = f u = f τ(u) = 1 and morphisms F u → C r(u) and F τ(u) → C r(u) induced by π are isomorphisms. This implies that C r(u) = q −1 (r(u)) is a smooth elliptic curve. Hence q is an elliptic fibration. Finally note that by Kodaira classification [BHPVdV04, Chapter V, Section 7] reducible fibers of p corresponds to unions of (−2)-curves on X 4 . In particular, reducible fibers of p are invariant under the action of σ. Hence every reducible fiber of p is contracted by p to a fixed point of τ. According to the fact that τ is a nontrivial involution of P 1 , it has two fixed points. Thus there are two reducible fibers of p.
Both types of elliptic fibrations described in the previous proposition are realized on X 4 . For this observe that the elliptic fibration described in Proposition 3.8 is of the first type. Now consider divisors D 1 and D 2 corresponding to subgraphs of the configuration described in Proposition 3.6 and depicted by colored and thick parts in the Proof. According to Proposition 4.2 fibration of type (2) induces an elliptic fibration on Y 4 . Since by previous discussion fibrations of type (2) exist, we derive the assertion.
CONFIGURATION OF (−2)-CURVES ON X 4
This section is devoted to study of incidence of (−2)-curves on X 4 . Results of previous sections are applied here to give a detailed description of this configuration. We have bijections
Proof. According to Lemma 3.5 we have two cases:
In case (1) we have F Proof. Suppose that p ∈ L ∩ M is a fixed point of σ. Note that there exists a (−2)-curve L 0 on X 4 contained in X σ 4 such that p ∈ L 0 . Indeed, the fixed locus X σ 4 is a union of (−2)-curves and it suffices to pick one of these curves which contains p. Clearly tangent space T X 4 ,p is a complex plane with action of ⟨σ⟩ induced by linear transformation T σ,p . There exists an equivariant étale morphism f ∶ U → T X 4 ,p defined on some σ-invariant open neighborhood U of p [Dré04, Lemma 5.1]. Observe that the closure of f (L 0 ∩ U) is an eigenspace of T X 4 ,p corresponding to eigenvalue 1 of T σ,p and closures of sets f (L ∩ U) and f (M ∩ U) are also eigenspaces of T σ,p with eigenvalues ≠ 1 given by tangent directions of L and M at p respectively. This last statement is a consequence of the fact that L and M are (−2)-curves and hence are preserved by σ but they are not contained in a fixed locus of σ. Since linear transformation of a plane can have at most two eigenspaces of dimension one, it follows that closures of sets f (L ∩ U) and f (M ∩ U) are equal. According to the fact that f is étale, we derive that germs of L and M at p are equal. Hence L, M are generically the same and finally we deduce that they are equal. This is a contradiction. Now let p ∈ L ∩ M be any point. Then p is not a fixed point of σ.
is even.
Next result describes incidence of smooth rational curves on X 4 in terms of the extended Petersen graph.
Proposition 5.3. Pick 0 ≤ i < j ≤ 4 and 0 ≤ k < l ≤ 4. Then the following are equivalent.
(1) There is a (−2)-curve L on X 4 in class l 2 intersecting L ij and L kl .
(2) {i, j} ∩ {k, l} = ∅.
Proof. For the implication (2) ⇒ (1) it suffices to pick L = L (ij)(kl) ∈ l 2 . Let us now prove that (1) ⇒ (2). Suppose that there exists a (−2)-curve L on X 4 in class l 2 that intersects L ij , L kl and {i, j} ∩ {k, l} ≠ ∅. Without loss of generality we may assume that there exists a curve L ∈ l 2 such that L intersects L 01 and L 12 . Now consider the incidence graph Γ of curves L, Figure 5 is a subgraph of Γ. 
L
Consider now the elliptic fibration p ∶ X 4 → P 1 as in Proposition 3.8.
( Figure 6 ) In the Figure 6 three colored and thick subgraphs correspond to singular fibers of q. According to Proposition 5.2 intersection numbers of L with fibers corresponding to red and green subgraphs are odd and the intersection number of L with the fiber corresponding to blue subgraph is even. This is impossible due to the fact that all these three fibers are linearly equivalent.
Next theorem subsumes all main results of this section.
Theorem 5.4. Smooth, rational curves on X 4 fit into the following disjoint classes.
• The class l (ij)(kl) for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4} and {i, j} ∩ {k, l} = ∅ consists of smooth, rational curves that intersect precisely two curves in r namely L ij and L kl . Moreover, the scheme-theoretic intersection consists of two reduced points. 
Red
The red thick subgraph corresponds to a divisor D of typeÃ 17 . According to Corollary 1.3, D is a singular fiber of some elliptic fibration p ∶ X 4 → P 1 . Note that p is of type (2) with respect to , we derive that σ * ∈ O + (S X 4 ) is also central. According to Proposition 1.1 there is an isomorphism
It follows that σ is a central element of Aut(X 4 ).
Let f ∈ Aut(X 4 ) be an automorphism. Then there exists a unique automorphism θ( f ) ∈ Aut(Y 4 ) such that π ⋅ θ( f ) = f ⋅ π. Indeed, Y 4 is a quotient of X 4 with respect to ⟨σ⟩ = {1 X 4 , σ} ⊆ Aut(X 4 ) and this is a central subgroup of Aut(X 4 ). Hence every f ∈ Aut(X 4 ) is equivariant with respect to action of this subgroup. Finally every equivariant automorphism induces a unique automorphism of a quotient. Proof. The fact that θ is a homomorphism of groups is straightforward consequence of the fact that for a given f ∈ Aut(X 4 ) its image θ( f ) ∈ Aut(Y 4 ) is a unique automorphism such
Recall that B π denotes the branch divisor of π. Since B π = ∑ 0≤i<j≤4 F ij and F ij for 0 ≤ i < j ≤ 4 are the only (−4)-curves on Y 4 and any two among them do not intersect, we derive that B π is preserved by every automorphism of Y 4 . Application of Proposition 2.3 to the anticanonical cyclic covering π shows that every automorphism h of Y 4 admits a lifth ∶ X 4 → X 4 i.e there exists an automorphismh ∶ X 4 → X 4 such that π ⋅h = h ⋅ π. Obviously θ(h) = h. This shows that θ is surjective.
Finally note that the kernel of θ consists of automorphisms of X 4 over Y 4 . Hence it is equal to ⟨σ⟩.
Let G be the automorphism group of the Petersen graph. Then G is isomorphic to the permutation group Σ 5 on five letters. 
. Utilizing Theorem 5.4, the Figure 7 and Proposition 5.1, one can deduce that ψ( f ) is an automorphism of the Petersen graph. We derive that there exists a homomorphism of groups Aut(Y 4 ) → G. Now we will explain that previously constructed homomorphism Aut(S 5 ) → Aut(Y 4 ) is a section of the homomorphism above. For this recall that S 5 is the Del Pezzo surface of degree five. Every automorphism of S 5 induces an automorphism of the incidence graph of (−1)-curves on S 5 . According to Proposition 3.1, the incidence graph of (−1)-curves on S 5 is the Petersen graph. Thus every automorphism of S 5 induces an automorphism of the Petersen graph. It is showed [Dol12, Section 8.5.4, Theorem 8.5.8] that this defines an isomorphism between the group of automorphisms of S 5 and the group G of automorphisms of the Petersen graph. Now we come back to the construction of X 4 from section 3. In that section we constructed X 4 starting from four points P = {p 1 , p 2 , p 3 , p 4 } on P 
In the picture every point and line is described in terms of the homogeneous coordinates [x 0 , x 1 , x 2 ]. For given {i, j} ⊆ {1, 2, 3} denote by K ij the line through points q i and q j . Now consider the standard quadratic transformation of P 2 given by formula Q([x 0 , x 1 ,
One verifies that (i) Q is undefined precisely at points q 1 , q 2 , q 3 and blow up of points {q 1 , q 2 , q 3 } resolves the indeterminacy of Q.
(ii) Q(K ij ∖ {q 1 , q 2 , q 3 }) = q k for {i, j} ⊆ {1, 2, 3} and {k} = {1, 2, 3} ∖ {i, j}. Proof. Recall that S 5 = Bl P (P 2 ) for P = {p 1 , p 2 , p 3 , p 4 }. Consider the birational morphism S 5 → P 2 . As in the begining of the section 3 denote by E ij the strict transform of N ij for {i, j} ∈ {1, 2, 3, 4}
and let E 0i be the exceptional curve mapping to the point p i for i ∈ {1, 2, 3, 4}. Denote also by q 1 , q 2 , q 3 preimages under S 5 → P 2 of points q 1 , q 2 , q 3 . Since
we derive that
Finally let K ij for every {i, j} ∈ {1, 2, 3} be the strict transform of K ij to S 5 . Clearly Q lifts to a birational automorphism Q of S 5 and Q has the following properties (1)-(3) corresponding to properties (i)-(iii) of Q.
(1) Q is undefined precisely at points q 1 , q 2 , q 3 and blow up of q 1 , q 2 , q 3 resolves the indeterminacy of Q.
(2) Q(K ij ∖ {q 1 , q 2 , q 3 }) = q k for {i, j} ⊆ {1, 2, 3} and {k} = {1, 2, 3} ∖ {i, j}.
Since Y 4 is obtained from S 5 via blowing up intersection points of configuration {E ij } for 0 ≤ i < j ≤ 4 and due to
we derive using (1) that there exists a morphism r Q ∶ Y 4 → S 5 such that the following diagram
is commutative. Obviously r Q contracts all curves F (ij)(kl) for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4}, {i, j} ∩ {k.l} = ∅ except F (12)(34) , F (13)(24) , F (14)(23) and according to (2) preimage under r Q of each of points q 1 , q 2 , q 3 is one-dimensional. Thus preimage under r Q of each intersection point of configuration {E ij } for 0 ≤ i < j ≤ 4 is one-dimensional. Therefore, using [Har77, Chapter 4, Proposition 5.3], we derive that r Q factors through blow up of S 5 at all intersection points of configuration {E ij } 0≤i<j≤4 . Since this blow up is Y 4 , we derive that there exists a morphism f Q such that the following diagram
is commutative. Next according to the fact that as a rational map Q ⋅ Q is equal to 1 P 2 , we derive that as a rational map f Q ⋅ f Q is equal to 1 Y 4 . Since f Q is a morphism, we deduce that f Q ⋅ f Q = 1 Y 4 i.e. f Q is an algebraic automorphism and f 2 Q = 1 Y 4 . If f Q is trivial, then Q will be trivial and this is not the case. Hence f Q is a nontrivial involution of Y 4 . Now we will show that f * Q ∶ Pic(Y 4 ) → Pic(Y 4 ) acts as identity on some sublattice of Pic(Y 4 ) of rank 19. According to (1) and (3), we derive that f Q stabilizes all curves {F ij } 0≤i<j≤4 and stabilizes all curves {F (ij)(kl) } for {i, j}, {k, l} ⊆ {0, 1, 2, 3, 4}, {i, j} ∩ {k, l} = ∅ except F (12)(34) , F (13)(24) , F (14)(23) . Thus f * Q acts as identity on a sublattice of Pic(Y 4 ) generated by {F ij } 0≤i<j≤4 , {F (ij)(kl) 0 ≤ i < j ≤ 4, 0 ≤ k < l ≤ 4, {i, j} ∩ {k, l} = ∅} ∖ {F (12)(34) , F (13)(24) , F (14)(23) } Next note that similarly to the situation in Proposition 3.8, there exists a fibration S 5 → P 1 with general fiber being smooth, rational curve having three singular fibers E 14 + E 23 , E 12 + E 34 , E 13 + E 24
Precomposing this fibration with m ∶ Y 4 → S 5 , we obtain a fibration Y 4 → P 1 having precisely three singular fibers F (14) + F (23) + F (14)(23) , F (12) + F (34) + F (12)(34) , F (13) + F (24) + F (13)(24) . Thus we have linear equivalences Since f Q stabilizes curves {F ij } 0≤i<j≤4 , we deduce that f * Q acts as identity on Proof. In [Vin83, Section 2.2] author claims that there are three conjugacy classes of linear reflections inside O(S X 4 ) that induce reflections of the hyperbolic space associated with H 1,1 (X 4 ). He chooses three sets of these reflections S ′ 2 , S ′′ 2 and S 1 each contained in precisely one conjugacy class inside O(S X 4 ). Then he shows that only reflections conjugate to those in the set S 1 induce automorphism of X 4 .
